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The weight reduction of a structure is of utmost importance for the aerospace applications. Cane 
of the efficient ways to reduce the weight is the use of heterogeneous materials. A heterogeneous 
material is one that is composed of two or more different materials in a certain proportion. The rapid 
prototyping processes have made it possible to fabricate a single structure by the deposition of different 
materials at different locations, hence, allowing the material properties to be controlled in the desired 
manner throughout the structure. In this work, aluminium and titanium have been used to minimize 
the weight of a typical axial compressor rotor blade. The focus is on optimizing the volume fractions of 
Al-Ti throughout the structure, in the presence of certain constraints. Three cases are presented, two of 
them are for the plate where once the material is allowed to vary just in one direction and second where 
the material is allowed to vary along all the three directions and the third one is that of the compressor 
rotor blade itself. The results from the sample plate case give a good insight into the desired material 
distribution, in the light of which, the optimisation for the blade has been performed to minimize the 
weight . 
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CHAPTER 1 INTRODUCTICJN 
A heterogeneous material is one that is composed of two or more different materials in a cer-
tain proportion. The constituents of a heterogeneous material could be homogeneous or composite, 
i.e.,composed of other materials. Hence, heterogeneous materials are essentially a class of composite 
materials. Based on their microstructure, these materials can be broadly classified into two categories, 
first -where one material is randomly distributed or embedded in a matrix of other material, such ma-
terials are known as random heterogeneous materials and second- where the composition of the material 
varies continuously from one point to the other or the layers of different materials are encountered as 
we traverse along certain directions, such materials are known as the functionally graded heterogeneous 
materials. There are numerous examples of heterogeneous materials, both natural as well as man-made. 
The human blood, having red blood cells randomly spread in it, is a natural example of such material 
while the metallic foams and concrete are a few examples of man-made random heterogeneous materials 
where the voids are randomly distributed inside the material matrix. Tree branches, especially bamboo, 
is a naturally existing functionally graded heterogeneous material where the fibrous bundle density in-
creases in a continuous fashion as one moves radially outwards from the inner to the outer surface. The 
purpose of all such materials is to extract the best properties of their constituents and hence, optimize 
the design. In other words, heterogeneous materials are the best suited ones to facilitate the solution 
of the optimization problems associated with physical structures. 
1.1 Background 
In recent years, the man-made heterogeneous materials have been used for many diverse applications 
such as mechanical, thermomechanical, thermoelectrical etc. due to their distinuguisliable ability to 
provide with tailored properties. Another reason for the increased accepatance and use of these materials 
can be attributed to a rapid growth in interest and development of the heterogeneous component 
fabrication techniques such as layered manufacturing processes, a type of rapid prototyping process. 
With the development of such potentially affordable and fast manufacturing techniques and commercial 
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availability of advanced materials, it has become quite practical to design heterogeneous products with 
an optimal material distribution. Just to name a few applications, the above said materials have 
been used for the designing and manufacturing of turbine blades [ 1, 2] and flywheels [3] . Thus, these 
materials are proving to be quite efficient in the manufacturing of components in an optimized as well 
as economical manner as the cost savings of upto 70% can be achieved when compared to the parts 
manufactured from the composite materials such as graphite epoxy composites. Hence, it is justified to 
invest our efforts in these promising materials. 
1.2 Literature review 
As mentioned in the introduction, heterogeneous materials are of two types. The researchers have 
traversed a long way trying to characterize both types of materials' behaviours [4-16] . It is widely 
accepted that it is much more difficult to characterize the behaviour of random heterogeneous materials 
as compared to the functionally graded ones. This can be attributed to numerous reasons. The foremost 
being that there are stress concentrations on the interfaces of the constituent materials of a random 
material [4] which are difficult to alleviate to the level where one can neglect those, while it is not the 
case with the functionally graded materials as the property variation is smooth in any given direction. 
Secondly, it is difficult to produce a good model for such materials as there are inherent uncertainities, 
such as spatial distribution, in choosing or deducing the size of representative volume element. Thirdly, 
the existing models used for characterization are based on the statistical modeling, rience, to extract 
the effective properties of the resulting heterogeneous material, is computationally intensive [5]. Even 
if the properties are obtained, those are not definite as only the bounds on the effective properties can 
be prescribed [6,7]. Also, the bounds are rendered inaccurate if the difference between the properties of 
the constituent materials is large [5-7], again this can be attributed to the randomness of the material 
distribution. Because of the above mentioned hurdles, random heterogeneous materials have found 
only a few applications, unlike the functionally graded ones have. Nevertheless, functionally graded 
materials have their set of disadvantages too. Researchers have been working on different concepts to 
model these materials to ensure smooth change in properties throughout the material [ 11-16] which is 
the greatest challenge that could be affiliated to the graded materials. At times, the gradient profiles are 
not flexible enough to simulate or capture the effective properties. Still functionally graded materials 
are much more promising than the random ones and have attracted numerous applications when it 
comes to multi- objective structural optimizations and manufacturing of the components from these 
materials. 
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The problems of single or multi objective optimizations, involving the heterogeneous materials have 
been addressed in the past [3], [16,17]. The efforts have either been focused on the shape and topology 
optimization, or these objectives combined with the material composition optimization. Also, ther-
momechanical problems have drawn more attention than the other type of problems and hence, have 
been studied the most. The emphasis had always been on optimizing two design variables, first- the 
volume-fractions of the constituent materials, where finite element method have been used to analyze 
the models [16] and second- the concentration profiles of the constituents have been tailored in ari 
optimized manner [ 17,18] . For the optimization efficiency and the volume-fraction continuity, 2D cases 
have been studied by approximating the volume-fractions. Researchers have also tried the 3D cases 
using physics based modeling method [1]. In this method, only the material variation constraints were 
specified and diffusion equation were solved using the finite element method. But it had been suggested 
that few iterations are required for the diffusion process, in case the outcome of one diffusion process is 
not desirable, which makes the computations really expensive in terms of time. To find out the effective 
properties at any given location in the structure, either a simple rule of mixtures had been used or the 
relations resulting from the variational principles have been invoked [19] which are valid for the random 
heterogeneous materials as well. 
1.3 Proposed approach 
The proposed approach is focused on minimizing the weight of a given structure having constant 
geometry. This has been achieved to a great extent by optimizing the volume fractions of the constituent 
materials used, throughout the structure. The reason for opting to perform just the material variation 
optimization is to address the design problems those have little or no scope for the shape change. One 
such example is that of an axial compressor rotor blade, the shape of which is decided on the basis of 
aerodynamic performance. Hence, it becomes necessary to optimize the material properties throughout 
the given structure, to increase its performance. 
For the purpose of proving the concept, only two materials, aluminum and titanium, have been used. 
The problem has been first solved for a simple plate of dimensions comparable to that of the blade. 
The reason for solving for the plate is that it gives a good estimate of the stress patterns and hence, the 
strength required at various locations. By doing so, the computations were done in less time expensive 
manner for the actual compressor blade. The resulting optimum volume fractions for the plate could be 
used as the starting guess for the volume fractions for the blade when the optimizer is deployed. This 
makes the process faster and decreases the number of function calls to the finite element part of the 
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code on the way to obtain the optimum solution. Using larger elements in the case of blade could also 
make the process less time expensive but at the cost of accuracy especially in areas near the leading 
and trailing edge which is undesirable. 
For a given set of loads, the normal and shear stresses as well as strains are calculated for the plate 
using the finite element method and Von Mises stresses and strains were derived, thereafter. Using Von 
Mises stresses as the failure criteria, the required strength at each location was decided by incorporating 
the factor of safety of 1.25. Then with the deployment of the gradient-based optimizer, the optimum 
volume fractions for the two materials at different locations inside the blade were obtained, hence, 
extracting the optimized properties. Finally, the optimized material properties were determined at any 
given location inside the blade by using the simple rule of mixtures. The procedure described in this 
paragraph was repeated for the compressor blade. 
Three cases were solved, first two being for the plate, where material was allowed to vary in one and 
all the three directions, respectively, while the third one is for the compressor blade where the material 
variation was allowed in all the three directions. The results for all the three cases and the comparison 
between the second and third case is presented. The mass obtained in the second case is less than the 
one obtained in the first case. Understandably so, it proves that the material variation in all the three 
directions gives more flexibility for the design. Hence, the material variation was allowed in all the three 
directions for the blade too. 
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CHAPTER 2 THEORY 
This section gives the underlying basics and principles for this work. First of all, a brief description 
of the working of an axial flow compressor, which dictates the type and magnitude of the loads acting on 
the rotor blades, is given. Then, the basics of the finite element method are explained as this technique 
has been used to get the solution for both the test case of a, plate and that of the actual compressor 
blade. Finally, the underlying theory for the gradient-based optimizer used, is described. 
2.1 Axial-flow compressor 
An axial-flow compressor, used for compressing air, consists of a series of stages, where each stage 
comprises of a row of aerodynamic rotor blades followed by a row of aerodynamic stator blades, hence, 
providing with the alternate passages through rotor blades and stator blades. The rotor is a disc that 
has blades attached to it as shown in fig. 2.1 [20]. In the actual operation which compresses the air, the 
rotor blades accelerate the air passing through them while the stator blades following the corresponding 
rotor blades, decelerate the air wherein the kinetic energy imparted to the air by the rotor is partially 
converted to static pressure. This process is repeated over a number of stages those are required to 
achieve the desired pressure ratio. 
Figure 2.1 Axial-flow Compressor 
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2.2 Finite element metho d 
In the finite element method, the problem domain is divided into many small, interconnected subdo-
mains called the finite elements. Since the actual variation of the field variables such as displacement, 
stress, pressure etc. are unknown inside the domain, it is assumed that the variation of the field vari-
ables, inside the finite elements can be approximated by a function. This approximating function is also 
called interpolation function. The interpolation function is defined in terms of values of field variables 
at the points of interconnections, called nodes. The interpolation model depends on the shapes of the 
element being used to discretize the whole domain and the number of degrees of freedom at a node. For 
example, fig. 2.2 [21] shows the 8 noded hexahedral element, with 3 degrees of freedom for each node in 
a global coordinate system of x, y, z. To reduce the computational efforts these odd shaped elements 
are mapped on to a cube of 2 unit sides placed symmetrically with ~, ~ and ~ axis. 
~~ 
Figure 2.2 8-noded Hexahedral Element 
1 
The co-ordinates of any point inside this hexahedral element in the x,y,z system can be written as 
x = N1 xl -}- N~ x~ + + Nsxs 
~ = N1~1 + N2~2 + + N8~8 
z = ~V1 z1 ~- N2 z~ + + N$ Ng {2.1) 
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Here x2 j ~2, ~~ are the coordinate location of each node and NZ represent the shape of the element. 
These shape functions are easily written for the cube in the ~, r~, ~ coordinate system by a very simple 
expression 
N~ = 1 { 1 ~ ~~~) { 1 + ~1z~1) { 1 + ~2~) 8 where i = 1 to 8 { 2.2 ) 
The element nodal displacements for the cube are represented by the vector 
_ ~ 
q — [q1, q2,  , q24] {2.3} 
Here, q~, q2, , q24 represent the nodal displacements in 3 directions at 8 nodes. The interpolation 
functions of the cube are given by 
2G = N1 q1 --~- N2 Q'4 -~ ~ N8 Q`22 
v = N1 q2 -~- N2 q5 +   -f- Ns q2 3 
2U = N1 q3 -~- N2 Q'6 + ~ N8 Q`24 (2.4) 
Then, from the assumed interpolation model, the stiffness and load matrices are written for all the 
elements by using either equilibrium conditions or a suitable variational principle such as potential 
energy or Galerkin approach. This process of deriving the stiffness matrices and load vectors also 
includes the boundary conditions and is based on the minimization of the potential of the structure 
with respect to the field variable, q2. For the hexahedral element shown above, the stiffness matrix and 
the load vector are given by 
and 
-~ 1 -{-1 -{-1 
~~ = BT DB ~det J~ d~d~d~ 
—1 —1 —1 
~e = 
-~-1 -}-1 -~ 1 
NT ~ det J ~ d~dr~d~ 
—1 —1 —1 
respectively, where Jacobian, J is defined as 
J = 
a~ ~ az 
a~ a~ a~ 
a~ ay az 
a~ a~n a~ 
a~ ay az 








Here, ~~ represents element stiffness matrix and f ~ the element force vector. The elerrient matrices of 
all the elements are assembled to form a global stiffness matrix, K and a global load vector, F. Load 
vector F may contain loads due to concentrated loads, pressure loads, gravitational loads or thermal 
loads. The simultaneous equations are given by 
KQ=F {2.8} 
Boundary conditions are next applied on this set of equations. In these equations, for each node, either 
the displacement or the force is unknown, the solution of which gives the unknown at each node. 
For post processing, the obtained displacements are used to calculate the 6 components of strains 
through the strain-displacement relations 
c~u c~v 8w ~v ~w au ~w au av 
_ ~x ~ a~ 7 az ~ az ~ a~ ~ a y ~ ax ? ~~ ~ ~x 
As a final step, the stress-strain relations, 
(2.9} 
~=D~ {2.10) 




1—v v v 0 0 0 
v 1—v v 0 0 0 
v v 1—v 0 0 0 
0 0 0 0.5 — v 0 0 
0 0 0 0 0.5—v 0 
0 0 0 0 0 0.5 — v 
2.3 Gradient-based optimizer 
(2.11) 
A gradient-based optimizer is one of the approaches that can be used to solve the constrained 
optimization problem. The general formulation of this problem is given below. 
First of all, for any type of optimization problem, constrained or unconstrained, there exists atleast 
one objective which is to be mimized or maximized depending on the problem. Let us suppose that the 
objective is denoted by f (x) ,where `x' is a column vector of `n' real-valued design or control variables. 
Hence, 
x = {x   xn` T {2.12) 
These desig~ri. variables are the parameters chosen to describe the design of a system and should be 
independent variables so that they can be changed independently to obtain different designs. 
Now, this itself defines a problem, though a trivial one, as there can be infinite number of possible 
solutions because the design space is unlimited. So, without any type of constraints, this problem is 
of no practical interest. If some constraints are added, the resulting problem acquires a real domain. 
The constraints can be of two types, the inequality constraints and the equality constraints. These 
constraints are functions of the design variables, hence, affected by them indirectly and in turn, the 
design variables have to satisfy these constraints in order to be called as feasible solution. Let us 
suppose, there are `m' inequality constraints, given by 
g2 (x} < 0 
and `1' equality constraints, given by 
h~ {~) = 0 
where i = 1 to m (2.13 ) 
where j = 1 to 1 (2.14 ) 
The inequality constraints could be linear or nonlinear and along with the equality constraints, 
define the admissible design space. So, as said above, the values of the design variables that give a 
solution within this region, are part of the feasible solution domain. 
Apart from the above said constraints, there are additional constraints called side constraints, which 
apply to the design variables directly. These constraints are nothing but the upper and lower limits for 
the design variables. So, the limits for `x' can be written as 
(2.15) 
This completes the constrained optimization problem formulation. Now, a set of the necessary condi-
tions that the optimal solution should satisfy, are derived from the constraints , i.e., (2.13) and (2.14). 
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c~gi  ~ c~hj 2  --I- ~~ ~j = 0 




where `L' is Lagrange function, `~..c2 ' and `~ j' are the Lagrange multipliers. The Lagrange multipliers 
are bounded as given below, 
Non-negativity: 
Complementarily: 
Feasibility: gi < 0 
{2.17} 
{2.18} 
hj = 0 (2.19} 
The Lagrange multipliers, `~,ci' and ̀ ~j', are used to append the equality constraints and the inequality 
constraints to the objective function which transforms the constrained problem to an unconstrained one 
and hence, the equation {2.16}. Then, the equations {2.17} and (2.18} gives the behaviour of the solution 
along the boundaries. 
However, satisfying the above mentioned conditions does not guarantee an optimum solution as 
these could be satisfied by points of inflexion as well. So in order to separate out the points of inflexion 
from the points of maxima or the points of minima, another set of equations are required which are 
supplied through Hessian, 
m 
i~ 29'i {x*. 
i= j= 
~j~ 2hj {x*) {2.20) 
The Hessian consists of the second derivative of the terms. The interested reader can refer to [22], 
[23] for the detailed explanation of these equations. 
For the closure of the optimization process described in this section, it would be necessary to say 
that all the equations, {2.16} to {2.20} are solved numerically to obtain the optimum solution. 
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CHAPTER 3 PROCEDURE 
3.1 Set-up procedure 
3.1.1 Compressor blade and plate geometry 
As the first step of the work, an airfoil section, NACA 65-810, was chosen because of its high value of 
the coefficient of lift, which is desirable for use in a compressor. NACA (National Advisory Committee 
for Aeronautics} is a precursor to NASA (National Aeronautics and Space Administration} and the 
digits in 65-810 stand for, 
6- series designation, 
5- chordwise position of the minimum pressure in tenths of the chord behind the leading edge for the 
basic symmetrical section at zero lift, 
8- design lift coeflicient in tenths and 
10- maximum thickness to chord ratio. 
Like any airfoil, the profile of NACA 65-810 section is given by the chord, `c', mean camber line, `g,-/2 ', 
thickness distribution, `gt ' and the leading edge radius, `rLE' which are given by the following equations 
[24] 
where 
g,n _  cl2  1  1 x ~ 






— 1  1—x In 
1—x 
2 c c 
1 x 2 1 x 2 x x x -}- 4 1— ~ — 4 a— ~ — ~ In 
c 
-}- g h e





1—a 2 { 4 
— a} -~ g 
{3.1} 
yt = ~t2 02969 
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rLE = 0.00687c (3.2) 
x 
— 0.1260(x } — 0.3516(x )2 --E- 0.2843(x )3 — 0.10150)4 (3.3} 
c c c c c 
where `a' is chordwise position of minimum pressure point behind the leading edge for the basic sym-
metrical section at zero lift, `x' is any location between leading edge and trailing edge, `cl2 ' is coefFicient 
of lift and `t' is maximum thickness given by `c/ 10' for this airfoil. Therefore, the upper and lower 
surface equations are given by 
~v = ~m -~ ~t 
~L = ~m — ~t 
The airfoil is shown in fig. 3.1. The equations {3.1}, (3.3} and (3.4) are valid till the mid-chord, i.e., 
till x/c = 0.5 Fro1i1 x/c = 0.5 to 1, the ordinates of the points on the meanline, upper surface and 
lower surface are calculated by interpolating linearly between the ordinates at x/c = 0.5 and at x/c = 
1, which is zero. 
Figure 3.1 NACA 65-810 Airfoil Section 
For defining the blade geometry, the airfoil chord length, maximum thickness, the length of the blade 
and the geometric twist, the following values were chosen on the basis of empirical relationships, 
Cblade = 0.04r~2; tblade = 0.004m; hblade = 0.1Om; 8 = 0° root ? 
The angle of twist increases linearly along the length of the blade from the root to the tip as shown in 
the fig. 3.2. 
Figure 3.2 Geometric twist 
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Giving a negative twist at the tip reduces the local angle of attack which prevents flow separation 
and averts stall, ensuring the safe tivorking of the compressor. The resulting compressor blade is shown 
in fig. 3.3 below. 
Another key aspect in the case of a compressor blade is the stagger angle. It is the angle that the blade 
r. r y 
-= - T ~~3.~21 
Figure 3.3 Compressor Blade 
chord makes with the axis of the compressor or the axis of rotation as shown in the fig. 3.4 below. The 
I~irecti ~~ ~ f r~~ t~ ~i~~ 
Figure 3.4 Stagger Angle, ~ 
stagger angle of 45° was selected from the empirical relationships used in the blade geometry design. 
This defines the geometry and orientation of the blade. 
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Now, for the plate mentioned in section 1.3, the length, width and thickness were chosen to be 0.10m, 
0.04 m and 0.004 m respectively. The plate is shown in fig. 3.5. 
Figure 3.5 Plate 
3.1.2 Materials 
Aluminum and titanium, some of the most frequently used materials in aerospace applications, were 
used for this work. Another reason for using these materials is their easy availability in different forms, 
i.e., powder and molten form which is required when manufacturing the structural components using 
the rapid prototyping processes. The physical and mechanical properties of these materials are: 
Table 3.1 Physical and Mechanical Properties 
Material AI«1I11I1111I1 Titanium 
Density, `p', in kg/m3 2700 4500 
Young's Modulus, `E', in GPa~ 71 100 
Yield Stress, `may ', in MPa 200 t~00 
3.1.3 Mesh generation 
The mesh for both the plate and the compressor blade shown i1i section 3.1.1 was generated in 
ANSYS. A 6-noded pyramid element, a degenerate form of a 8-noded hexahedral element shown in 
fig. 2.2, was chosen. Such an element, shown in fig. 3.6 [25], is obtained by merging nodes with one 
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another. If node 5 is merged with node 8 and node 1 is merged with node 4, a 6-noded prism element 
is obtained. There were two reasons for choosing the degenerate element, first - to discretize the upper 
and lower surfaces of the blade into smaller rectangular areas which provided a regular arrangement 
of the locations of nodes which were easy to handle from book keeping point of view and second -the 
triangular element mesh obtained in the sections of the blade performs better than the quadrangular 
element mesh, in capturing the areas of high curvature around the leading edge and the trailing edge 
of the blade. 
Figure 3.0 0-noded Prisrn Element 
The mesh was generated in commercially available finite element analysis program. The mesh informa-
tion is as follows: 
The plate and the blade were divided into 10 equal sections along their respective lengths, shown 
Table 3.2 Mesh Information 
Case Plate Blade 
Number of nodes 616 1276 
Number of 6-noded prism elements 700 1540 
in fig. 3.7 so that each section had 70 and 1.54 elements respectively. This mesh information along 
with the connectivity matrix was imported into the finite element code, `CALFEM', that provides the 
inequality and equality constraints for the MATLAB optiiuizer function called `fmincon', that solves 
the constrained minimization problems. 
3.1.4 Loads 
For compressor blades, there are two sources of loads, centrifugal and aerodynamic. For this work, 
involving just the static analysis, the effect of the aerodynamic forces are negligible in comparison to 
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Figure 3.7 Plate and Blade Mesh 
that of centrifugal forces. So the key factors in determining the loads are the distance, `r', of the blade 
from the center of rotation and the angular velocity, `w'. The radius of the rotor disc varies between 
0.3 m - 0.7 m for aerospace applications and the angular velocity for the rotors in a compressor for the 
same applications is between 1000 rad. /s and 2000 rad. /s. For this work, the disc radius of 0.5 m and 
the angular velocity of 1200 rad. /s was used. Then, the force per taliit volume on each element was 
calculated by using the formula, 
f = pw~ - r (3.6) 
where 'r' is the distance of the centroid of the element from the center of rotation and the `p' is updated 
depending upon the volume fractions of the materials being used for each element. 
3.1.5 Boundary conditions 
The root of the plate as well as the blade was fixed in x, y, z directions so the displacements `u~', 
`u-y ' and `uti ' were set to zero. The pictorial representation of the boundary conditions are shown in fig. 
3.7 
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3.1.E Finite element method 
Once the geometry, materials, mesh, loads and boundary conditions were finalized, `CALFEM' 
was supplied with node numbers, their co-ordinates, the element connectivity matrix , co-ordinates of 
the center of rotation, material properties, angular velocity `c.~'. This input was used to obtain the 
displacements, stresses and strains, both normal and shear, for both the cases, i.e., the plate and the 
blade, made up of just the aluminum. The stresses were then used to obtain the Von Mises stresses 
for all the elements. The purpose of doing these cases was to get an insight into the stress patterns 
and hence into the required material variation throughout the plate and the blade. This insight was 
necessary to make an initial guess for the volume fractions to be optimized, so that the optimization 
process could be made ef~i.cient and faster because these volume fractions also happen to be one of the 
inputs for the optimizer function `fmincon'. `CALFEM' was used with `fmincon' for all the cases. 
3.1.7 Optimization 
The optimization was performed in a series of logical steps shown in fig. 3.8. 
Ic~~ntif: 
~1~ Design ~rariabl~s 
~~~ ~Jbj~~t: function t~ be minirrli~e~l 
~~~ ~~nstrair~ts to be satisfied 
Collect input d~tato describe the system 
Ana1~~e the system 
1 
iecl~ the constraints 
Toes the d~~i,gn satisfy the c~n~ergen~e criteria ~e s 
Change the design using an aptimi~ation metht~d 
Figure 3.8 Role of optimization process 
~t~ap 
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These steps were followed in all the cases, also `fmincon' was used throughout. The objective was 
mass,`M' which was to be minimized. The inputs for the `fmincon' were, the initial guess for the 
volume fractions of aluminum, ` Al's' for all the elements, which were also the control variables, to be 
optimized. The finite element solution obtained for the plate, mentioned in 3.1.6 was investigated for 
deciding the initial values for ` Al's'. The state variables were the volume fractions of titanium, `~T~'s'. 
The CALFEM finite element code was used to supply the inequality constraints. The constraints were 
the ratios of the Von Mises stresses to the Yield Stresses which were required to be less than the inverse 
of the factor of safety. Of course, there were side constraints as well, for all the cases, i.e., the lower 
and upper bounds on the volume fractions. 
3.2 Solution procedure 
3.2.1 Case 1 -Plate with 1-D material variation 
First of all, the optimization was carried out for the plate and the material was allowed to vary only 
along the length of the blade. By using the maximum von mises stress values at every spanwise section, 
i.e., out of the 70 elements at each section, the maximum von mises stress was used to decide the values 
of ` Al's' and `¢~~2 's'. In other words, one section was supposed to be made up of same material, where 
material properties at each section were between those of aluminum and titanium .This was achieved 
by including the ` Al's' as the cantrol variables for all the 10 spanwise elements. Then the optimization 
was performed by using the steps described in 3.1.7 to obtain the ` Al's', the `~~2 's' were deduced 
implicitly. The mass, `M', was calculated as the part of the output as well. The purpose of doing this 
case was merely to get an estimate for the number of spanwise locations where the material variation 
was required in the chordwise direction also. 
3.2.2 Case 2 -Plate with the 3-D material variation 
In the next step, the material variation in the plate was extended to the chordwise direction for 
some spanwise sections. This increased the number of control variables, ` Al's' as well as the state 
variables, `c~T2's' from 10 to few hundreds. The whole design process iri 3.2.1 was repeated to obtain 
revised optimum values of the volume fractions and that of `M'. 
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3.2.3 Case 3 -Compressor blade with the 3-D material variation 
~n the last case, the values of `C~~}l's' were optimized for the full model for the compressor blade, 
analagous to the one for the plate in 3.2.2. Again, the steps described in 3.1.7 were used. The values 
for `t~Al's', `~T~'s' and `M' were obtained. 
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CHAPTER 4 RESULTS 
Three cases have been solved. In the first case, for the plate, material has been allowed to vary only 
along the length of the plate while in the second case, again for the plate, material has been allowed 
to vary along the length, width and thickness of the blade simultaneously. The third case is for the 
compressor blade, with material variation along the length, chord and thickness simultaneously. 
Before any of the above mentioned cases were dealt with, the Von Mises stress patterns for the 
aluminum plate mentioned in section 3.1.1, were obtained. The Von Mises stresses in fig. 4.1 gave a 
good insight to the material properties those are required at various locations inside the plate. 
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Figure 4.1 Aluminum Plate -Von Mises Stresses 
It is obvious from the stress plot shown that at many locations, the stresses are above the yield stress 
of aluminum, 200 MPa, which means that the plate has crossed the yield limit. This implies that higher 
strength material is required at such locations. Now, by using titanium, that has yield strength of 800 
MPa, along with aluminum in the required proportions, the new materials of the required strength can 
be applied at those locations. Also the tip deflection was measured to be 0.0023 m, fig. 4.2. 
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Figure 4.2 Aluminum Plate -deformed shape 
4.1 Case 1 -Plate with 1-D material variation 
Now, for carrying out the optimization for the volume fractions of aluminum and titanium, the 
required initial guess for the volume fractions was taken from the aluminum plate case mentioned 
above. Also, the length of the plate was divided into 10 sections so that 70 elements in each section 
were assumed to have the same volume fractions for the constituent materials. The optimization was 
then performed and the values for the volume fractions were obtained by using the maximum existing 
Von 1~~lises stress in a particular section with the factor of safety of 1.25. The effective properties for 
the elements were derived using the simple rule of mixtures, i.e., 
p~f f = p1 ~1 --I--- p? ~~ where `p' is the material property 
The variation in the materials is as shown in fig. 4.3 and the calculated values of `Cbl', `¢~ 
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Figure 4.3 1-D material distribution in the plate 
Table 4.1 Material properties for plate with 1-D Material variation 
Elements Numbers ~Ai ~TZ `Ee f  f in{GPa} `p~ f  f in{I~g/m3} 
1-70 0.37 0.63 89.3 3834 
7"1-140 0.47 0.53 86.4 3654 
141-210 0.58 U.42 83.2 3456 
211-280 0.68 0.32 80.3 3276 
281-350 0.79 U.21 77.1 3078 
351-420 0.90 0.10 73.9 2880 
421-490 1.00 0.00 71.0 2700 
491-560 1.00 0.00 71.0 2700 
561-63U 1.00 0.00 71.0 2700 
631-7OU 1.00 0.00 71.0 2700 
The AZ's, Ti's and hence the ei~ective material properties showed a monotonous variation from 
the root to the tip of the plate as shown in table. Also from the Vori Mises Stress plot, fig. 4.4, it was 
observed that the highest stress in the plate increased by about 10°~o as compared to the aluminum 
plate case, which can be attributed to the inequaity constraints as defined earlier. 
Figure 4.4 Von ~-Tises stresses in the plate with 1-D material variation 
As the prescribed value of factor of safety is the minimum required value, the calculated factor of 
safety could be greater than that and hence, somewhat off. Smaller the difference between the calculated 
and prescribed values of the factor of safety, greater is the extent to which the structure is stressed. 
Hence, the increase in the stresses was correctly considered to be one of the normal consequences of the 
optimization. Then, from the deformed shape of the plate in fig. 4.5, it could be seen that the deflection 
of the free end of the plate was reduced to 0.002 m as compared to the aluminum plate case, tivhich is 
about 130 less. This is quite understandable because the material of the elements near the root or the 
support of the plate is now of higher stiffness as compared to alurninurn. 
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L~1~l _.~~~~~5 
Figure 4.5 Deformed shape of the plate with 1-D material variation 
Finally, the mass of the plate for the optimized material distribution was calculated by using the 
~Ai's, ~~2's, pAl, pTi and the volumes for the elements. The mass was calculated to be 59.6 gms as 
compared to 43.2 gms of aluminum plate. 
The case solved here results into an overconservative design because as mentioned, only the maxiriiunl 
von mises stress out of the ones for 70 elements in a particular section, is used. Again, the purpose 
of performing this design was to get a good initial guess for the second case where the material was 
allowed to vary in all the three directions. A good initial guess makes the optimization process very 
efFicient and results into a better solution. The resulting volume fractions in this case lead the way to 
the next case where better design was achieved. 
4.2 Case 2 -Plate with 3-D Ynaterial variation 
This case is obviously an extension to the first one described in section 4.1. For performing the 
optimization on the plate while allowing free materials' variation, the volume fractions obtained from 
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Figure 4.6 3-D Material distribution in the plate 
optimization was done for all the 700 elements so it was appropriate to classify the elements according 
to the values for the Al's while the corresponding Ti's, pAl and pT.2 follow automatically. First, 
the material distribution was plotted using ANSYS as shown in fig. 4.6. First figure shows material 
variation on the upper surface of the plate while the second one shows the materials variation on the 
lower surface . The table 4.2 gives the split up for the elements . 
Table 4.2 Material properties for plate with 3-D material variation 
Nc~. cif Elements ~gi ~Ti `Ee f  f in(GPe~-} `p~ f  f in{I~g/m3} 
50 U.40 0..54 86.7 3672 
112 0..50 U.50 85.5 3600 
12 0.72 U.28 79.1 3204 
117 0.90 0.10 73.9 2880 
403 1.00 0.00 71.0 2700 
The first observation that was made from this table was that the maximum number of elements still 
have 100°~o aluminum allocated to them. Also, it was seen that the range of material properties is 
smaller as compared to the first case performed on the plate, this is understandable as in this case, 
each element was checked by the optimizer for its individual Von Mises stress, or, in other words, the 
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Figure 4.7 Von Mises stresses in the plate with 3-D material variation 
over conservative design had been changed to less conservative one. This implies that the material 
distribution in this case is a better representation of the stresses. The stresses are shown in fig. 4.7 
The Von Mises stress range is in between those for the aluminum plate and the first case in section 4.1 
which is acceptable. 
Also, the comparison of the deformed shape between the two cases showed that there is negligible 
change in the deflection of the free end of the plate. Again, there is an obvious reason that the elements 
near to the root have stronger material as their constituents. The calculated deflection was 0.0021 m 
for this case. The deformed shape is shown in fig. 4.~3. 
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Figure 4.8 Deformed shape of the plate with 3-D material variation 
Finally, the mass was calculated using the new effective densities and the volumes of the elements. 
The mass was 52.9 gms which is a reduction of about 11% as compared to the previous case where the 
material variation was allowed only in one direction. This shows that the material distribution obtained 
in the second case was better than the one in the first case, hence, validating itself. Also, the optimizer 
was deployed multiple number of times to check for the best solution by using different initial values 
for volume fractions, the control variables. It was observed that using the volume fractions from the 
first case as the starting values gave the most efficient solution. 
4.3 Case 3 - Compressor blade with 3-D material variation 
This case is analogous to the second case performed on the plate with 3-D material variation. The 
only difference is the difference in the shape. So it was an obvious choice to input the values of ~ al 's 
from the second case as an initial guess into the optimizer. The optimized volume fractions for the 1540 
elements in the compressor blade were extracted from the optimizer with considerable ease because of 
the better initial guess derived from the second case. The material distribl~tion plot, for both upper 
and lower surfaces is given in fig. 4.9. 
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Figure 4.9 3-D Material distribution in the compressor blade 
Again, it was appropriate to divide the elements according to the values for the CbAI's. It was observed 
that the range for the volume fractions is overlapping with the previous ttivo cases which gives the 
confidence in the values but had broader range, though very few elements had the maximum possible 
value of `E~f  f '. 
Table 4.3 Material properties for the compressor blade with 3-D material vari-
ation 
No. of Elements ~gl ~1,L `Eef f in{GPa) `pf, f . fain{fig/nz,3) 
3 U.00 l.UU 10U 4500 
21 U.27 U.73 92.2 4014 
308 0.42 0.58 87.8 3744 
189 U.57 0.43 83.5 3474 
70 0.72 0.28 79.1 3204 
124 0.87 0.13 74.8 2934 
822 1.00 0.00 71.0 2700 
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Figure 4.10 Von Mises stresses in the compressor blade 
The obtained Von Mises stresses plot is shown in fig. 4.10. 
Few interesting observations were made from the stress plot. First, the highest stress value in the blade 
was higher than that for the second case. This can be traced back to the optimum volume fractions 
generated from the optimizer where it was observed that the factor of safety was 1.25 for most of the 
elements. On top of that, there were only 3 elements those had titanium alone as their constituent 
which were responsible for making the range of the stresses broader. Another reason for the broader 
stress range is difference in the shape of the blade and the plate. Because the shape optimization was 
out of the scope of this work, so the presence of a very few locations of unusually high stresses is normal. 
Then, from the deformed shape it was noted that the deflection produced was satisfactory when 
compared to that of the the plate. The difference could be attributed to the difference in shape of the 
two structures, blade having less area than the plate for same linear dimensions. The deflection of 0.003 
m was noted as shown in fig. 4.11. 
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Figure 4.11 Deformed shape of the compressor blade 
As the final step, the mass of the blade (36.2 gms) was calculated through the optimum volume 
fractions. This is in comparison to the mass for the blade made out of only aluminum, 29.4 gms and 
only titanium, 49.1 gms. The comparison shows that the mass of the designed blade was about 23% 
more than that of the aluminum blade, while it has a capability to carry stresses about 3.5 times that 
of its aluminum counterpart. 
For this case too, the optimizer was used multiple number of times to check for the best solution by 
using different initial values for volume fractions or the control variables. It was observed that using 
the volume fractions from the plate case as the starting values gave the most efficient solution. 
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CHAPTER 5 CONCLUSIONS 
The very first conclusion that could be made from the results is that the starting estimate for the 
control variables has a great impact on the design. This was proved through the corriparison of the 
mass values from the first two cases as the mass obtained in the second case was less than the first 
case. Also the right choice of the starting values for the design/control variables makes the optimization 
process less time intensive. It could also be inferred from the material tables for both the plate and 
the blade that the optimum volume fractions may not be completely spread out from 0 to 1 as they 
are dependent on the shape of the structure and the stress distribution. This became evident from the 
Von Mises stress plots as well when at a couple of locations, unusually high stresses were observed. 
It was also concluded that fora 3-D structure such a plate or compressor blade, the optimization of 
the material in just one direction cannot fetch a good design. Also, there was a minute change in the tip 
deflection in the cases, just because the problem formulation did not have the maximum tip deflection 
as one of the constraints. Whatsoever change was observed in the tip deflection was as a result of the 
material composition change, e.g.- the increase in deflection from the plate to the blade was due to the 
presence of less volume of material involved in the latter case. 
Finally, for the mass obtained in the three cases, it could be inferred that a small increase in the 
mass from its aluminum counterpart provides much broader range of capability in terms of bearing the 
stresses. 
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CHAPTER 6 RECOMMENDATIONS 
First logical step in future would be to use more elements so that the accuracy of the results 
can be increased in terms of the stress ranges, smoothness in the materials variation. Usage of more 
elements would demand the whole process to be parallelized for achieving greater efficiency with even 
more intricate model. Also, the optimization process can be metamorphed into amulti-objective one. 
Constraints such as the maximum allowable tip deflection, maxiluum allowable stress at key locations, 
can be added. Also, the temperature erects on the behaviour of the blade can be studied. This 
immediately leads to the implication that it would be necessary to make the resulting optimization 
process flexible somehow, in order to achieve a decent solution. 
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